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Abstract
In this paper we classify n + 1 dimensional n-Lie algebras over a field F of characteristic 2 and prove
that there are no simple n + 2 dimensional n-Lie algebras.
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1. Fundamental notions
In 1985, Filippov [1] introduced the concept of n-Lie algebra. He not only gave examples, but
also developed structural notions such as simplicity, nilpotency, and so on. Also, he classified n-
Lie algebras of dimension n + 1 over an algebraically closed field with characteristic zero. Wuxue
Ling in reference [2] proved that for every n  3 all finite dimensional simple n-Lie algebras over
an algebraically closed field F of characteristic 0 are isomorphic to the vector product on Fn+1.
In references [3]–[10] Cartan subalgebras, representations, Fratttini subalgebras etc were studied.
But the classification of finite dimensional n-Lie algebras over a field with positive characteristic
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has not been done. In this paper we classify n + 1 dimensional n-Lie algebras over a perfect field
of characteristic 2, and study the structure of n + 2 dimensional n-Lie algebras. Throughout this
paper we consider n-Lie algebras with n  3. We recall some basic definitions [1,3] below.
A vector space A over a field F is an n-Lie algebra if there is an n-ary multilinear operation
[, . . . , ] satisfying the following identities:
[x1, . . . , xi, . . . , xj , . . . , xn] = 0 (1.1)
if i /= j and xi = xj , and
[[x1, . . . , xn], y2, . . . , yn] =
n∑
i=1
[x1, . . . , [xi, y2, . . . , yn], . . . , xn]. (1.2)
The map ad(x1, . . . , xn−1) of A to itself, defined by ad(x1, . . . , xn−1)(xn) = [x1, . . . , [xn] for
xn ∈ A, is called a left multiplication defined by elements x1, . . . , xn−1 ∈ A.
Let A1, A2, . . . , An be subalgebras of n-Lie algebra A. Denote by [A1, A2, . . . , An] the subal-
gebra of A generated by all vectors [x1, x2, . . . , xn], where xi ∈ Ai, i = 1, 2, . . . , n.
The subalgebra [A,A, . . . , A] is called the derived algebra of A, and denoted by A1. If A1 = 0,
the A is called an abelian algebra.
An ideal of n-Lie algebra A is a subalgebra I of A such that [I, A, . . . , A] ⊆ I. If [I, I, A, . . . ,
A] = 0, then I is called an abelian ideal of A. If A is not abelian and does not contain any non-zero
proper ideals, A is simple.
The subset Z(A) = {x ∈ A | [x, y1, . . . , yn−1] = 0, ∀yi ∈ A, i = 1, . . . , n − 1} is called the
center of A, it is clear that Z(A) is an abelian ideal of A.
2. Classification of n+ 1 dimensional n-Lie algebras
Before giving the classification theorem of n + 1 dimensional n-Lie algebras over a field of
characteristic 2 we first prove the following lemma.
Lemma 2.1. Suppose that M is an n-order symmetrical matrix over a perfect field F of char-
acteristic 2. Then there exists an n-order non-singular matrix Q and an n-order matrix J =(
Ip
Jq
0
)
such that Q′MQ = J, where Ip is the p-order unit matrix, Jq is the q-order
matrix of the form
(
1
q
1
)
, 0  p  n; q = 0, 2, 4, . . . , 2 [n2 ] .
Proof. By analyzing elements of the matrix M and using the property that F = F 2 of a perfect
field F of characteristic 2, we prove the result through direct computation. The proving process
is missed. 
Theorem 2.1. LetA be ann + 1 dimensionaln-Lie algebra over a perfect fieldF of characteristic
2 with a basis e1, e2, . . . , en+1. Then one and only one of following possibilities holds up to
isomorphism:
(a) In case dim A1 = 0, A is an abelian n-Lie algebra.
(b) In case dim A1 = 1, let A1 = Fe1. Then
(b1) if A1 ⊆ Z(A), the non-zero brackets of basis vectors of A is the following:
[e2, e3, . . . , en+1] = e1,
1914 R.-p. Bai et al. / Linear Algebra and its Applications 428 (2008) 1912–1920
(b2) if A1Z(A), the non-zero brackets of basis vectors of A is
[e1, e2, . . . , en] = e1.
(c) In case dim A1 = 2, let A1 = Fe1 + Fe2. Then the multiplication table of basis vectors is
only one of the following:
(c1)
{[e1, eˆ2, e3, . . . , en+1] = αe2,
[eˆ1, e2, e3, . . . , en+1] = e1,
(c2)
{[e1, eˆ2, e3, . . . , en+1] = e2,
[eˆ1, e2, e3, . . . , en+1] = e1 + βe2,
where α, β ∈ F and α /= 0, β /= 0.
(d) In cases dim A1 = r  3, let A1 = Fe1 + Fe2 + · · · + Fer . Then the multiplication table
of basis vectors is only one as follows:
(d1)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
[eˆ1, e2, . . . , en+1] = e1,
· · · · · · · · · · · · · · · · · · · · ·
[e1, . . . , eˆp, . . . , en+1] = ep,
[e1, . . . , eˆp+1, . . . , en+1] = er ,
[e1, . . . , eˆp+2, . . . , en+1] = er−1,
· · · · · · · · · · · · · · · · · · · · ·
[e1, . . . , eˆp+q, . . . , en+1] = ep+1,
where q is even, p + q = r, 0 < q  r,
(d2)
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
[eˆ1, e2, . . . , en+1] = e1,
[e1, eˆ2, . . . , en+1] = e2,
· · · · · · · · · · · · · · · · · · · · ·
[e1, . . . , eˆr−1, . . . , en+1] = er−1,
[e1, . . . , eˆr , . . . , en+1] = er .
The zero brackets of basis vectors are missed in cases (c) and (d).
Proof. When 0  dim A1  2, the proof is similar to Theorem 3 in paper [1].
When dim A1 = r > 2, let e1, . . . , er be a basis of A1 and e1, . . . , er , er+1, . . . , en+1 be a basis
of A. Denote ei = [e1, . . . , eˆi , . . . , en+1], i = 1, . . . , n + 1, and ei = b1ie1 + · · · + bn+1ien+1,
i = 1, . . . , n + 1 or in the matrix form,
(e1, . . . , en+1) = (e1, . . . , en+1)B.
Obviously, the rank of B is equal to r. By the similar discussion to Theorem 3 in paper
[1], the matrix B is symmetric. By Lemma 2.1, there exists an n-order non-singular matrix Q
and J =
(
Ip
Jq
0
)
such that Q′BQ = J , where Ip is the p-order unit matrix, Jq is the q-
order matrix of the form
(
1
q
1
)
, 0  p  r; q = 0, 2, 4, . . . , 2 [ r2 ] and p + q = r . By the
definition of B, there is a basis of A such that the non-zero brackets of the basis vectors are (d1)
and (d2) when q = 0 and q > 0 respectively. The proof is completed. 
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Theorem 2.2. LetA be ann + 1 dimensionaln-Lie algebra over a perfect fieldF of characteristic
2 and dim A1 = n + 1. Then A is simple.
Proof. Suppose e1, . . . , en+1 is a basis ofA and I is an arbitrary non-zero ideal. Then there exists a
non-zero element a = ∑n+1j=1 αjej contained in I , where αj ∈ F, j = 1, . . . , n + 1. Since a /= 0,
there exists i, 1  i  n + 1, such that αi /= 0. By the multiplication table (d1) (the case (d2) is
similar), for any s = 1, . . . , n + 1, s /= i, we have
[e1, . . . , eˆi , . . . , es−1, a, es+1, . . . , en+1]
= αi[e1, . . . , eˆi , . . . , es−1, ei, es+1, . . . , en+1] + αs[e1, . . . , eˆi , . . . , en+1].
When i, s satisfy i, s  p  n + 1, we get
[e1, . . . , eˆi , . . . , es−1, a, es+1, . . . , en+1] = αies + αsei ∈ I.
Therefore, b = αies + αsei ∈ I . Since for any j /= i, s
[e1, . . . , eˆj , . . . , es−1, b, es+1, . . . , en+1]
= αi[e1, . . . , eˆj , . . . , en+1] = αiej ∈ I
and αi /= 0, we get ej ∈ I .
Then I = A, that is A is simple. The result can be proved by similar discussion in the cases of
s  p < i; 0  p < i, s and i  p < s. The proof is completed. 
By Theorem 2.1 and Theorem 2.2 we get the following result.
Corollary. Let A be a simple n + 1 dimensional n-Lie algebra over a perfect field F of charac-
teristic 2 with basis e1, e2, . . . , en+1, then one and only one of the following possibilities holds
up to isormophism:
(s1)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
[eˆ1, e2, . . . , en+1] = e1,
· · · · · · · · · · · · · · · · · · · · ·
[e1, . . . , eˆp, . . . , en+1] = ep,
[e1, . . . , eˆp+1, . . . , en+1] = en+1,
[e1, . . . , eˆp+2, . . . , en+1] = en,
· · · · · · · · · · · · · · · · · · · · ·
[e1, . . . , en, eˆn+1] = ep+1,
where 0  p < n + 1 and the integer n + 1 − p is even,
(s2)
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
[eˆ1, e2, . . . , en+1] = e1,
[e1, eˆ2, . . . , en+1] = e2,
· · · · · · · · · · · · · · · · · · · · ·
[e1, . . . , eˆn, en+1] = en,
[e1, . . . , en, eˆn+1] = en+1.
3. The n+ 2 dimensional n-Lie algebras
Lemma 3.1 [4]. Let A be an n + 2 dimensional n-Lie algebra over an algebraically closed field.
Then there exists a subalgebra of A with codimension 1.
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Proposition 3.1. LetAbe ann + 2 dimensionaln-Lie algebra over a fieldF and 0 < dim A1  2.
Then there exists a non-abelian n + 1 dimensional subalgebra of A containing A1.
Proof. Let be the set of all subalgebras of A with codimension 1 containing A1. Since dim A1 <
n, any n + 1 dimensional subspace of A containing A1 is a subalgebra with codimension 1.
Therefore  is non-empty. Now we suppose that ∀B ∈ , B is an abelian n + 1 dimensional
n-Lie algebra.
When dim A1 = 1, let A1 = Fe1. By the definition of ideals of n-Lie algebras and the assump-
tion we have A1 ⊆ Z(A) and there exist vectors e2, . . . , en+1 of A, such that [e2, . . . , en+1] = e1.
Then the set of vectors {e1, e2, . . . , en+1} is linear independent and B = Fe1 + Fe2 · · · + Fen+1
is an n + 1 dimensional non-abelian subalgebra. This contradicts to the assumption.
When dim A1 = 2, let A1 = Fe1 + Fe2 and e1, e2, . . . , en+2 be a basis of A. By the assump-
tion for any i satisfying 3  i  n + 2, the set of vectors {e1, e2, . . . , eˆi , . . . , en+2} spans an
n + 1 dimensional abelian subalgebra of A. Then
[e1, e2, . . . , eˆj , . . . , eˆk, . . . , en+2] = 0, 3  j < k  n + 2,
[ei, e3, . . . , eˆj , . . . , en+2] = 0, i = 1, 2 and 3  j  n + 2.
Thus A1 is contained in the subalgebra T = F [e3, . . . , en+2]. This contradicts to dim A1 = 2.
The proof is completed. 
Remark. Proposition 3.1 is not true if 3  dim A1  n + 1. See the following examples.
Example 1. Let A = Fe1 + · · · + Fe5 be a 5 dimensional 3-Lie algebra with the multiplication
table of basis vectors as follows:
[e1, e4, e5] = e1, [e2, e4, e5] = e2, [e3, e4, e5] = e3, (3.1)
and others are zero. Then dim A1 = 3 and A1 = Fe1 + Fe2 + Fe3. But there are no non-abelian
4 dimensional subalgebras containing A1.
If we define the multiplication table of basis vectors of the space A as follows:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
[e2, e3, e4] = e1,
[e1, e3, e4] = e3,
[e1, e2, e4] = e2,
[e2, e4, e5] = e3,
[e3, e4, e5] = e2,
(3.2)
then A is a 5 dimensional 3-Lie algebra and A1 = Fe1 + Fe2 + Fe3. Let B = Fe1 + Fe2 +
Fe3 + Fe4. Then B is a 4 dimensional non-abelian subalgebra of A containing A1.
Example 2. Let A = Fe1 + · · · + Fe6 be a 6 dimensional 4-Lie algebra with the multiplication
table of basis vectors as follows:
[e1, e4, e5, e6] = e1, [e2, e4, e5, e6] = e2, [e3, e4, e5, e6] = e3, (3.3)
and others are zero. Then dim A1 = 3 and A1 = Fe1 + Fe2 + Fe3, and there are no non-abelian
5 dimensional subalgebras containing A1.
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If we define a multiplication table of basis vectors of the space A as follows:⎧⎪⎪⎨
⎪⎪⎩
[e2, e3, e4, e5] = e1,
[e1, e4, e5, e6] = e1,
[e2, e4, e5, e6] = e2 + e3,
[e3, e4, e5, e6] = e2,
(3.4)
and others are zero. ThenA is a 6 dimensional 4-Lie algebra andA1 = Fe1 + Fe2 + Fe3. LetB =
Fe1 + Fe2 + Fe3 + Fe4 + Fe5. Then B is a 5 dimensional non-abelian subalgebra containing
A1.
Theorem 3.1. LetA be ann + 2 dimensionaln-Lie algebra over a perfect fieldF of characteristic
2. Then the derived algebra A1 is the proper ideal of A, that is dim A1  n + 1.
Proof. Let F be the algebraic closure of F and A¯ = F ⊗F A be the algebra over F obtained
from A by extending the base field. Then it is easily proved that dimF A
1 = dimF A1.
Now suppose dim A1 = n + 2, then A1 = A. By Lemma 3.1 the n-Lie algebra A contains a
subalgebra B with codimension 1. Let B be an abelian subalgebra and e1, . . . , en+1 a basis of B.
By dim A1 = n + 2, there exists a non-zero vector x of A such that [B, . . . , B, x] is not contained
in B. Then B is a self-normalizer and B is a Cartan subalgebra of A. Since F is algebraically
closed field, for commuting linear transformations ad(e1, . . . , eˆi , . . . , eˆj , . . . , en+1) there exists
a common eigenvector en+2 ∈ A such that
ad(e1, . . . , eˆi , . . . , eˆj , . . . , en+1)(en+2) = λ(i, j)en+2,
where λ(i, j) ∈ F, 1  i, j  n + 1, i /= j. Therefore A1is contained in Fen+2. This is a con-
tradiction. Therefore A contains a non-abelian subalgebra B with codimension 1.
Suppose B = Fe1 + Fe2 + · · · + Fen+1 and e1, . . . , en+2 is a basis of A. By Theorem 2.1
the non-zero brackets of the basis vectors of A are as follows:
(1)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
[eˆ1, e2, . . . , en+1] = e1,
· · · · · · · · · · · · · · · · · · · · ·
[e1, . . . , eˆp, . . . , en+1] = ep,
[e1, . . . , eˆp+1, . . . , en+1] = en+1,
[e1, . . . , eˆp+2, . . . , en+1] = en,
· · · · · · · · · · · · · · · · · · · · ·
[e1, e2, . . . , en, eˆp+q ] = ep+1,
[e1, e2, . . . , eˆi , . . . , eˆj , . . . , en+2] = ∑n+2k=1 bkij ek,
where q is even, p + q = n + 1, 0 < q  n + 1,
(2)
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
[eˆ1, e2, . . . , en+1] = e1,
[e1, eˆ2, . . . , en+1] = e2,
· · · · · · · · · · · · · · · · · · · · ·
[e1, . . . , eˆn, en+1] = en,
[e1, e2, . . . , eˆn+1] = en+1,
[e1, e2, . . . , eˆi , . . . , eˆj , . . . , en+2] = ∑n+2k=1 bkij ek,
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(3)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
[eˆ1, e2, . . . , en+1] = e1,
· · · · · · · · · · · · · · · · · · · · ·
[e1, . . . , eˆp, . . . , en+1] = ep,
[e1, . . . , eˆp+1, . . . , en+1] = en,
[e1, . . . , eˆp+2, . . . , en+1] = en−1,
· · · · · · · · · · · · · · · · · · · · ·
[e1, e2, . . . , eˆp+q, en+1] = ep+1,
[e1, e2, . . . , eˆi , . . . , eˆj , . . . , en+2] = ∑n+2k=1 bkij ek,
where q is even, p + q = n, 0 < q  n,
(4)
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
[eˆ1, e2, . . . , en+1] = e1,
[e1, eˆ2, . . . , en+1] = e2,
· · · · · · · · · · · · · · · · · · · · ·
[e1, . . . , eˆn−1, en, en+1] = en−1,
[e1, . . . , eˆn, en+1] = en,
[e1, e2, . . . , eˆi , . . . , eˆj , . . . , en+2] = ∑n+2k=1 bkij ek,
· · · · · · · · · · · · · · · · · ·
(2n − 3)
⎧⎪⎨
⎪⎩
[e1, eˆ2, e3, . . . , en+1] = αe2,
[eˆ1, e2, e3, . . . , en+1] = e1,
[e1, e2, . . . , eˆi , . . . , eˆj , . . . , en+2] = ∑n+2k=1 bkij ek,
(2n − 2)
⎧⎪⎨
⎪⎩
[e1, eˆ2, e3, . . . , en+1] = e2,
[eˆ1, e2, e3, . . . , en+1] = e1 + βe2,
[e1, e2, . . . , eˆi , . . . , eˆj , . . . , en+2] = ∑n+2k=1 bkij ek,
(2n − 1)
{[eˆ1, e2, e3, . . . , en+1] = e1,
[e1, e2, . . . , eˆi , . . . , eˆj , . . . , en+2] = ∑n+2k=1 bkij ek,
(2n)
{[e1, e2, e3, . . . , eˆn+1] = e1,
[e1, e2, . . . , eˆi , . . . , eˆj , . . . , en+2] = ∑n+2k=1 bkij ek,
where bkij ∈ F , 1  i, j  n + 1, i /= j and there exists bn+2ij /= 0 for some i, j satisfying 1 
i, j  n + 1, i /= j .
We first impose the Jacobi identity on (1). If n + 1 is odd, then p is odd and for any i, j
satisfying 2  i < j  n + 1, i /= j,
n+2∑
k=1
bkij ek = [e1, e2, . . . , eˆi , . . . , eˆj , . . . , en+2]
= [[e2, e3, . . . , en+1], e2, . . . , eˆi , . . . , eˆj , . . . , en+2]
= [[e2, e3, . . . , eˆj , . . . , en+2], e2, . . . , eˆi , . . . , en+1]
+[[e2, e3, . . . , eˆi , . . . , en+2], e2, . . . , eˆj , . . . , en+1]
=
[
n+2∑
k=1
bk1j ek, e2, e3, . . . , eˆi , . . . , en+1
]
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+
[
n+2∑
k=1
bk1iek, e2, e3, . . . , eˆj , . . . , en+1
]
= α1e1 + α2e2 + · · · + αnen + αn+1en+1,
whereαs ∈ F, s = 1, 2, . . . , n + 1 are polynomials onbkij , 1  i < j  n + 1, k = 1, 2, . . . , n+
2. Thanks to that e1, · · · , en+1 are basis vectors, comparing parameters we obtain bn+2ij = 0, if
2  i < j  n + 1.
If p = 1, from (1) we have
n+2∑
k=1
bk12ek = [e3, e4, . . . , en+2]
= [[e1, e2, . . . , eˆn, en+1], e4, . . . , en+2]
= [[e1, e4, . . . , en+2], e2, . . . , eˆn, en+1]
+[[e2, e4, . . . , en+2], e1, eˆ2, e3, . . . , eˆn, en+1]
+[[e3, e4, . . . , en+2], e1, e2, eˆ3, . . . , eˆn, en+1]
= [b123e1 + · · · + bn+223 en+2, e2, e3, . . . , eˆn, en+1]
+[b113e1 + · · · + bn+213 en+2, e1, e3, . . . , eˆn, en+1]
+[b112e1 + · · · + bn+212 en+2, e1, e2, eˆ3, . . . , eˆn, en+1]
= b123e3 + bn23e1 + bn+223 [e2, e3, . . . , eˆn, en+1, en+2]
+b213e3 + bn13en+1 + bn+213 [e1, e3, . . . , eˆn, en+1, en+2]
+b312e3 + bn12en + bn+212 [e1, e2, eˆ3, . . . , eˆn, en+1, en+2]
= (b312 + b123 + b213)e3 + bn23e1 + bn12en + bn13en+1
+
(
bn+223
n+2∑
k=1
bk1n + bn+213
n+2∑
k=1
bk2n + bn+212
n+2∑
k=1
bk3n
)
ek.
Since bn+2ij = 0, 2  i < j  n + 1, the above identity can be reduced as follows
n+2∑
k=1
bk12ek = [e3, e4, . . . , en+2] = β1e1 + β2e2 + · · · + βnen + βn+1en+1,
where βs ∈ F are polynomials on bkij , 1  i < j  n + 1, k = 1, 2, . . . , n + 2, and therefore
bn+212 = 0.
If 3  p, we have
n+2∑
k=1
bk12ek = [e3, e4, . . . , en+2]
= [[e1, e2, eˆ3, . . . , en, en+1], e4, . . . , en+2]
= [[e1, e4, . . . , en+2], e2, eˆ3, . . . , en, en+1]
+[[e2, e4, . . . , en+2], e1, eˆ2, eˆ3, . . . , en, en+1]
= [b123e1 + · · · + bn+223 en+2, e2, e4, . . . , en+1]
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+[b113e1 + · · · + bn+213 en+2, e1, e4, . . . , en+1]
= b123e3 + b323e1 + bn+223
n+2∑
k=1
bk13ek + b213e3 + b313e2 + bn+213
n+2∑
k=1
bk23ek.
By bn+223 = 0 the above identity can be reduced as the following identity:
n+2∑
k=1
bk12ek = [e3, e4, . . . , en+2] = γ1e1 + γ2e2 + · · · + γnen + γn+1en+1,
where γs are polynomials on bkij , 1  i < j  n + 1, k = 1, 2, . . . , n + 2. We also get bn+212 = 0.
From formulas for [eˆ1, e2, . . . , eˆj , . . . , en+1, en+2], similar discussions show that bn+21j = 0,
for 2 < j < n + 2. Summarizing the preceding discussion on the case (1) we obtain bn+2ij = 0,
1  i < j  n + 1. This contradicts to the assumption. Therefore dimF A1 = dimF A1  n + 1.
For the case of n + 1 being even and the cases of (t), 2  t  2n the result can be proved
similarly if n + 1 is odd. The proof is completed. 
From Theorem 3.1 we get the following result.
Theorem 3.2. There are no simple n + 2 dimensional n-Lie algebra over a perfect field F of
characteristic 2.
Proof. Let A be an n + 2 dimensional n-Lie algebra over a perfect field F of characteristic 2. If
A is abelian, then A is not simple. If A is not abelian, by Theorem 3.1 the derived algebra A1 is
a non-zero proper ideal of A. Thus A is not simple. The proof is completed. 
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